Abstract. Topological semilattices with path-connected intervals are special abstract convex spaces. In this paper, we obtain generalized KKM type theorems and their analytic formulations, maximal element theorems and collectively fixed point theorems on abstract convex spaces. We also apply them to topological semilattices with path-connected intervals, and obtain generalized forms of the results of Horvath and Ciscar, Luo, and Al-Homidan et al..
Introduction and preliminaries
Recently, S. Park [10, 11, 12, 13] introduced the new concept of abstract convex spaces as a far-reaching generalization of convex spaces, H-spaces, generalized convex (or G-convex) spaces and other abstract convex structures. He established in such a context the foundations of the KKM theory, as well as fixed point theorems and other results for multimaps.
On the other hand, Horvath and Ciscar [2] studied topological semilattices with path-connected intervals and established in such a context an order theoretical version of the classical KKM theorem, and existence results for greatest elements of a weak preference relation or maximal elements of a strict preference relation. On such semilattices, Luo [6, 7] obtained a KKM theorem and Ky Fan's section theorems, and Al-Homidan et al. [1] obtained a collectively fixed point theorem for a family of multimaps.
In Section 2, we obtain generalized KKM type theorems and their analytic formulations on abstract convex spaces. And we also get generalizations of Ky Fan's section theorem and Ky Fan's Lemma. In Section 3, we obtain existence results for the largest elements of a weak preference relation or maximal elements for a strict preference relation on abstract convex spaces. Finally we get collectively fixed point theorems on abstract convex spaces. In each section, we show that the generalized forms of consequences in [1, 2, 6, 7] on topological semilattices with path-connected intervals follow from our results.
A multimap (or simply, a map) F : X ⊸ Y is a function from a set X into the power set of Y ; that is, a function with the values F (x) ⊂ Y for x ∈ X and the fibers F − (y) := {x ∈ X| y ∈ F (x)} for y ∈ Y . For A ⊂ X, let F (A) := {F (x) | x ∈ A}. Throughout this paper, we assume that multimaps have nonempty values otherwise explicitly stated or obvious from the context. The closure operation and graph of F are denoted by F and Gr F , respectively.
Let D denote the set of all nonempty finite subsets of a set D.
A generalized convex space or a G-convex space (X, D; Γ) consists of a topological space X and a nonempty set D such that for each A ∈ D with the cardinality |A| = n + 1, there exist a subset Γ(A) of X and a continuous map φ A : ∆ n → Γ(A) such that J ∈ A implies φ A (∆ J ) ⊂ Γ(J). Here, ∆ n is the standard n-simplex with vertices {e i } For any nonempty D ′ ⊂ D, the Γ-convex hull of D ′ is denoted and defined by co Γ D ′ := {Γ A |A ∈ D ′ } ⊂ X.
A subset X ′ of X is called a Γ-convex subset of (X, D; Γ) relative to Known examples of abstract convex spaces are given in Park [10, 12] and the references therein. Note that G-convex spaces and topological semilattices are abstract convex spaces. Any ∆-convex subset of a topological semilattice (X, D; ∆) is Γ-convex.
Let (X, D; Γ) be an abstract convex space. If a map F :
The following is in Park [10, Lemma 1]:
The partial KKM principle for an abstract convex space (X, D; Γ) is the statement that, for any closed-valued KKM map F : D ⊸ X, the family {F (z)} z∈D has the finite intersection property. The KKM principle is the statement that the same property also holds for any open-valued KKM map. An abstract convex space is called a KKM space if it satisfies the KKM principle.
Known examples of KKM spaces are given in [11, 12] and the references therein. Note that a topological semilattice (X, ∆) with path-connected intervals is also a KKM space.
Generalized KKM maps and its analytic formulations
Motivated by Kassay and Kolumbán [3] , we define generalized KKM maps on abstract convex spaces as follows: Let (X, D; Γ) be an abstract convex space and I a nonempty set. A map F : I ⊸ X is called a generalized KKM map provided that for each N ∈ I , there exists a function σ :
Theorem 2.1. Let I be a nonempty set, (X, D; Γ) an abstract convex space satisfying the partial KKM principle, and F : I ⊸ X a multimap satisfying (2.1.1) F is a generalized KKM map. Then {F (z)} z∈I has the finite intersection property.
is an abstract convex space satisfying the partial KKM principle. Define a map
Since {F (z) | z ∈ D} has the finite intersection property, so does {K ∩ F (z) | z ∈ D} in the compact set K. Hence it has the whole intersection property.
Consider the following related three conditions for F :
Luc et al. [5] noted that (c) =⇒ (b) =⇒ (a). From Theorem 2.1, we obtain the following KKM type theorem: Theorem 2.2. Let I be a nonempty set, (X, D; Γ) an abstract convex space satisfying the partial KKM principle, and F : I ⊸ X a map satisfying conditions (2.1.1) and (2.1.2). Then
Proof. Since F is a generalized KKM map with closed values, by Theorem 2.1,
From now on, we just focus on intersectionally closed-valued maps in this section.
From Theorem 2.2, we obtain the following:
Corollary 2.3. Let X be a topological semilattice with path-connected intervals, I a nonempty set, D a nonempty subset of X and F : I ⊸ X a map. Suppose that there exists a nonempty compact subset K of X such that (1) F is intersectionally closed-valued; (2) for each N ∈ I , there exists a function σ : N → D such that It is well-known that the KKM theory has many applications to equilibrium problems. Some applicability of our results are based on the fact that generalized KKM maps are closely related to certain convexity (or concavity) of extended real-valued functions.
Let I be a nonempty set, (X, D; Γ) an abstract convex space, and f : I ×X → R, g : X × I → R functions. Let γ ∈ R. We say that f is generalized γ-quasiconcave in the first variable z ∈ I if for each N ∈ I , there exists a function σ :
For X = I = D and the identity map σ, our generalized γ-quasiconcavity reduces to ordered γ-diagonal quasiconcavity due to Luo [7] .
As in Park and Lee [17, Theorem 6] for G-convex spaces, the following equivalency of certain concavity of extended real functions and the related generalized KKM maps also holds for abstract convex spaces: Proposition 2.4. Let I be a nonempty set, (X, D; Γ) an abstract convex space, f : I × X → R, and γ ∈ R. Then the followings are equivalent:
(1) The multimap F : I ⊸ X, defined by F (z) = {x ∈ X : f (z, x) ≤ γ} for all z ∈ I, is a generalized KKM map.
(2) f is generalized γ-quasiconcave in the first variable z.
From Proposition 2.4, we obtain the following equilibrium result:
Theorem 2.5. Let I be a nonempty set, (X, D; Γ) an abstract convex space satisfying the partial KKM principle, f : I × X → R, and γ ∈ R. Suppose that there exists a nonempty compact subset K of X such that (2.5.1) for each z ∈ I, {x ∈ X | f (z, x) ≤ γ} is intersectionally closed; (2.5.2) f is generalized γ-quasiconcave in the first variable z; and
Then there exists an x 0 ∈ X such that f (z, x 0 ) ≤ γ for all z ∈ I.
Proof. Let us define a map
Then, by (2.5.1), F is intersectionally closed-valued. By Proposition 2.4, (2.5.2) implies that F is a generalized KKM map and so is F . Therefore, by Theorem 2.2, z∈I F (z) = ∅. Hence there exists an x 0 ∈ X such that x 0 ∈ F (z) or f (z, x 0 ) ≤ γ for all z ∈ I. This completes our proof.
If X is a topological semilattice with path-connected intervals, then Theorem 2.5 reduces to the following: Corollary 2.6. Let X be a topological semilattice with path-connected intervals, I a nonempty set, D a nonempty subset of X, f : I × X → R, and γ ∈ R. Suppose that there exists a nonempty compact subset K of X such that
(1) for each z ∈ I, {x ∈ X | f (z, x) ≤ γ} is intersectionally closed; (2) f is generalized γ-quasiconcave in the first variable z; and
Remarks. 1. If {x ∈ X | f (z, x) ≤ γ} is transfer closed for each z ∈ I, then there exists an x 0 ∈ K such that f (z, x 0 ) ≤ γ for all z ∈ I by Theorem 2.2.
2. Note that if f (z, x) is SPT l.s.c. relative to z (that is, X = I and for each (z, x) ∈ X × X and for all ǫ > 0, there exist an x 0 ∈ X and an open neighborhood N (z) of z ∈ X such that for any Theorem 2.7. Let (X, D; Γ) be an abstract convex space satisfying the partial KKM principle, K a nonempty compact subset of X and F : D ⊸ X an intersectionally closed-valued map. Suppose that there exists a map G :
Corollary 2.8. Let X be a topological semilattice with path-connected intervals, D a nonempty subset of X, K a nonempty compact subset of X, and F : D ⊸ X an intersectionally closed-valued map. Suppose that there exists a map G : X ⊸ X satisfying (2.7.1) such that
We now deduce a generalization of Ky Fan's section theorem:
Theorem 2.9. Let (X, D; Γ) be an abstract convex space satisfying the partial KKM principle, B ⊂ X × X and C ⊂ D × X. Suppose that (2.9.1) for each z ∈ D, {y ∈ X : (z, y) ∈ C} is intersectionally closed in X; (2.9.2) for any z ∈ X, (z, z) ∈ B; (2.9.3) for each y ∈ X and M ∈ {z ∈ D : (z, y) / ∈ C} , we have Γ M ⊂ {z ∈ X : (z, y) / ∈ B}; and (2.9.4) there exists a nonempty compact subset K of X such that either
which is intersectionally closed by (2.9.1). Moreover, for each z ∈ X, let G(z) = {y ∈ X : (z, y) ∈ B}, then (2.9.2) and (2.9.3) imply (2.7.1) and (2.7.2). Since (2.9.4) clearly implies (2.7.3), F satisfies all of the requirements of Theorem 2.7. Therefore, we have
Hence, there exists a y 0 ∈ X such that y 0 ∈ {F (z) : z ∈ D}; that is, D × {y 0 } ⊂ C. Corollary 2.10. Let X be a topological semilattice with path-connected intervals, D a nonempty subset of X, B ⊂ X × X, and C ⊂ D × X. Suppose that there exists a nonempty compact subset K of X such that (1) for each z ∈ D, {y ∈ X : (z, y) ∈ C} is intersectionally closed in X; (2) for any z ∈ X, (z, z) ∈ B; (3) for each y ∈ X and M ∈ {z ∈ D : (z, y) / ∈ C} , we have
Then there exists a y 0 ∈ X such that D × {y 0 } ⊂ C.
Luo [7, Theorem 2.1] is a particular case of Corollary 2.10. Let X and Y be two topological spaces. A multimap F : X ⊸ Y is said to be unionly open-valued (resp., transfer open-valued) on X if and only if the multimap G : X ⊸ Y , defined by G(x) = Y \F (x) for every x ∈ X, is intersectionally closed-valued (resp., transfer closed-valued) on X. See Luc et al. [5] and Tian [18] .
The following form of Theorem 2.9 is a generalization of Ky Fan's Lemma which is also widely used in the KKM theory: Theorem 2.11. Let (X, D; Γ) be an abstract convex space satisfying the partial KKM principle, K a nonempty compact subset of X, B ⊂ X × X, and C ⊂ D × X. Suppose that (2.11.1) for each z ∈ D, {y ∈ X : (z, y) ∈ C} is unionly open in X; (2.11.2) for each y ∈ X and M ∈ {z ∈ D : (z, y) ∈ C} , we have Γ M ⊂ {z ∈ X : (z, y) ∈ B}; (2.11.3) for each y ∈ X, there exists a z ∈ D such that (z, y) ∈ C; and (2.11.4) either
Then there exists a z 0 ∈ X such that (z 0 , z 0 ) ∈ B.
Proof. Consider Theorem 2.9 with the complements (B c , C c ) instead of (B, C). Then (2.9.1), (2.9.3), and (2.9.4) are satisfied automatically. Since (2.11.3) is the negation of the conclusion of Theorem 2.9, we should have the negation of (2.9.2). Therefore, the conclusion follows.
Corollary 2.12. Let X be a topological semilattice with path-connected intervals, D a nonempty subset of X, B ⊂ X × X, and C ⊂ D × X. Suppose that there exists a nonempty compact subset K of X such that (1) for each z ∈ D, {y ∈ X : (z, y) ∈ C} is unionly open in X; (2) for each y ∈ X and M ∈ {z ∈ X : (z, y) ∈ C} , we have a∈M [a, sup M ] ⊂ {z ∈ X : (z, y) ∈ B}; (3) for each y ∈ X, there exists a z ∈ D such that (z, y) ∈ C; and (4) either
Then there exists a z 0 ∈ X such that (z 0 , z 0 ) ∈ B. Theorem 2.13. Let (X, D; Γ) be an abstract convex space satisfying the partial KKM principle, and S : D ⊸ X, T : X ⊸ X maps. Suppose that (2.13.1) for each z ∈ D, S(z) is unionly open in X; (2.13.2) for each y ∈ X, co Γ S − (y) ⊂ T − (y); (2.13.3) X = S(D); and (2.13.4) there exists a nonempty compact subset K of X such that either
Then there exists az ∈ X such thatz ∈ T (z).
Corollary 2.14. Let X be a topological semilattice with path-connected intervals, D a nonempty subset of X, and S : D ⊸ X, T : X ⊸ X maps. Suppose that 
Maximal elements
The (weak or strict) preference relation is defined on Z and is a subset of Z × Z. Here Z may be considered as a consumption space. Let be the weak preference relation. An element (x, y) ∈ is written as x y and read as "x is at least as good as y". Let ≻ be the strict preference relation. An element (x, y) ∈ ≻ is written as x ≻ y and read as "x is strictly preferred to y". We may think x ≻ y if and only if x y and x = y. For each x, the weakly upper, weakly lower, strictly upper, and strictly lower contour sets (or sections) of x are denoted by
In some cases, not all points in Z can be chosen. A subset B ⊂ Z is called as a choice set which may be considered as the upper bound set for the feasible set. A weak preference relation is said to have a greatest element on the subset B of Z if there exists a point x * ∈ B such that x * x for all x ∈ B, or equivalently x∈B U w (x) ∩ B = ∅. The above x * is called a greatest element. A strict preference relation ≻ is said to have a maximal element on the subset B of Z if there exists a point x * ∈ B such that for any x ∈ B, x ≻ x * does not hold; that is U s (x * ) ∩ B = ∅. This x * is called a maximal element. The following theorem shows the existence of a greatest element for the weak preference relation: Theorem 3.1. Let (Z ⊃ B; Γ) be an abstract convex space satisfying the partial KKM principle, and a weak preference relation defined on Z. Suppose that there exists a nonempty compact subset K of Z such that (3.1.1) U w is transfer closed valued on B; (3.1.2) U w is GFS-convex on B, that is, if for every N ∈ B , there exists a function σ :
Then has a greatest element on B.
Proof. Define a map F : B ⊸ Z by F (x) := U w (x) for each x ∈ B. Then (3.1.2) shows that F is a generalized KKM map. Using the proof of Theorem 2.1 and Theorem 2.2, we can deduce that
If σ is the identity function, GFS-convex is called F S-convex by Tian [18] . If Z is a topological semilattice with path-connected intervals, the following holds:
Corollary 3.2. Let Z be a topological semilattice with path-connected intervals, B a choice set, and a weak preference relation defined on Z. Suppose that there exists a nonempty compact subset K of Z such that (1) U w is transfer closed valued on B; (2) for every N ∈ B , there exists a function σ : N → B such that for
Theorem 3.3. Let (Z ⊃ B; Γ) be an abstract convex space satisfying the partial KKM principle and ≻ a strict preference relation on Z. Suppose that there exists a nonempty compact subset K of Z such that
Then ≻ has a maximal element on B.
Proof. Let F (x) = Z\L s (x). Then the set of maximal element is {y ∈ B | U s (y) ∩B = ∅} = {y ∈ B | x ≻ y for all x ∈ B} = B ∩ x∈B F (x). Since F is closedvalued by (3.3.1) , we need to show that F is a generalized KKM map. Suppose to the contrary, for some M ∈ B , and for every σ : M → B, there exists a point which contradict (3.3.2) . So we can conclude B ∩ x∈B F (x) = ∅ from Theorem 2.1. So there exists an
The following is a simple consequence of Theorem 3.3:
Corollary 3.4. Let Z be a topological semilattice with path-connected intervals, B a choice set, and ≻ a strict preference relation on Z. Suppose that there exists a nonempty compact subset
(2) for every N ∈ B , there exists a function σ : N → B such that for any
Collectively fixed point theorems
Park [9] deduced general collectively fixed point theorems for a family of Browder type maps on the product of generalized convex spaces. Using his methods and relaxing his conditions, we obtain more general results on the product of KKM spaces.
Let {X i } i∈I be a family of sets, and let i ∈ I be fixed. Let Then there exists az ∈ X such thatz ∈ T (z).
The following is a collective fixed point theorem:
Theorem 4.2. Let {(X i , D i ; Γ i )} i∈I be a family of KKM spaces, X = i∈I X i , and for each i ∈ I, D i a finite set. Suppose S i : X ⊸ D i and T i : X ⊸ X i are multimaps such that
Then there exists az ∈ X such thatz ∈ T (z) := i∈I T i (z); that is, z i = π i (z) ∈ T i (z) for each i ∈ I.
Proof. Choose a point a = [a i , a i ] ∈ X (here, we always assume that each X i is nonempty). For each i ∈ I, define a function J i :
Then for each i ∈ I, we obtain the following:
(
It should be noted that the above argument holds for any point a ∈ X. Therefore, we may choose a = b. then, we have
. This completes our proof. Corollary 4.3. For each i ∈ I, let X i be a topological semilattice with pathconnected intervals, X = i∈I X i , D i a finite subset of X i , and
Then there exists az ∈ X such thatz ∈ T (z) := i∈I T i (z). Theorem 4.4. Let {(X i , D i ; Γ i )} i∈I be a family of compact KKM spaces, X = i∈I X i , and for each i ∈ I, T i : X ⊸ X i a Φ-map. Then there exists az ∈ X such thatz ∈ T (z) := i∈I T i (z).
Proof. Since T i is a Φ-map, for each i ∈ I, there exists a companion map S i :
, is a KKM space. Now we can apply Theorem 4.2 to obtain the conclusion.
Corollary 4.5. For each i ∈ I, let X i be a compact topological semilattice with path-connected intervals, D i a subset of X i , X = i∈I X i and for each i ∈ I, T i : X ⊸ X i a Φ-map. Then there exists az ∈ X such thatz ∈ T (z) := i∈I T i (z). Theorem 4.6. Let {(X i , D i ; Γ i )} i∈I be a family of KKM spaces, X = i∈I X i , and for each i ∈ I, S i : X ⊸ D i and T i : X ⊸ X i multimaps satisfying the conditions
Suppose that
Then there exists az ∈ X such thatz ∈ T (z) := i∈I T i (z). Proof. Since T i is a Φ-map and S i : X ⊸ D i a companion map of T i , X = {IntS − i (z i ) : z i ∈ D i } for each i ∈ I. Since K is compact, for each i ∈ I, there exists N i ∈ D i such that K ⊂ {IntS − (z i ) : z i ∈ N i }. If X = K, then the conclusion follows from Theorem 4.4. Suppose X = K, Then, for each i ∈ I, there exists a compact Γ-convex subset L Ni in (4.8.b) and L := i∈I L Ni is compact. Since
Therefore the conclusion follows from Theorem 4.6.
Corollary 4.9. For each i ∈ I, let X i be a topological semilattice with pathconnected intervals, D i is subset of X i , X = i∈I X i and for each i ∈ I, T i : X ⊸ X i is a Φ-map with the companion map S i : X ⊸ D i . Suppose that for each i ∈ I, (a) there exists a nonempty subset K of X; (b) if X = K, for each N i ∈ D i , there exists a compact ∆-convex subset L Ni of X i containing N i such that, for L := i∈I L Ni , we have
Then there exists az ∈ X such thatz ∈ T (z) := i∈I T i (z).
